Abstract. In this paper, we study smooth proper rigid varieties which admit formal models whose special fibers are projective. The main theorem asserts that the identity components of the associated rigid Picard varieties will automatically be proper. Consequently, we prove that p-adic Hopf varieties will never have a projective reduction. The proof of our main theorem uses the theory of moduli of semistable coherent sheaves.
Introduction
In the famous series [BL93a] , [BL93b] , [BLR95a] and [BLR95b] , Bosch, Lütkebohmert and Raynaud laid down the foundations relating formal and rigid geometry. The type of questions they treat in the series are mostly concerned with going from the rigid side to formal side. In this paper we will consider the opposite type of question, namely we will investigate to what extent properties on the formal side inform us about rigid geometry. More precisely, we will see what geometric consequences one can deduce under the assumption that the rigid space has a projective reduction.
Let K be a non-archimedean field with value group Γ ⊂ R, ring of integers O, maximal ideal m and residue field k. Let X over K be a connected smooth proper rigid space with a K-rational point x : Sp(K) → X.
In this paper, we consider the Picard functor Pic X/K : (adic spaces locally of finite type over Spa(K ′ , R ′ )) → (Sets)
where K ′ /K is a non-archimedean field extension, R ′ gives a (not necessarily rank 1) valuation on K ′ with R ′ ∩ K ⊂ O and Pic X/K (V ) = Isomclass(L, λ): L a line bundle on X ad × Spa(K,O) V ,
When K is discretely valued, Hartl and Lütkebohmert proved the representability of the Picard functor on the category of smooth rigid spaces over K under an additional assumption that X has a strict semistable formal model (c.f. [HL00] ). In a private communication the author is informed that Evan Warner proved that the Picard functor in the generality above is represented by a rigid space over Spa(K, O) (c.f. [War17] ). One is naturally led to ask when Pic 0 X is proper over K. In this paper we prove the following: Theorem 1.1 (Main Theorem). Suppose that X has a formal model X whose special fiber X 0 is projective over Spec(k). Then Pic 0 X is proper over K. As a consequence of [KL16, Theorem 2.3.3] Pic X , hence Pic 0 X , is always partially proper, see Theorem 5.5. Therefore it suffices to show that having projective reduction would make Pic 0 X quasi-compact. Our strategy is to find some auxiliary space W which is quasi-compact and surjects onto Pic 0 X . We use the moduli of semistable sheaves to construct W .
Let us summarize how this paper is organized. In Section 3 we make an observation that there is a well defined specialization from the K-group of coherent sheaves on X to that of X 0 . Therefore a chosen ample invertible sheaf on X 0 will enable us to associate Hilbert polynomials. As a byproduct, we find that non-archimedean Hopf surfaces do not have any formal model with projective reduction, see Proposition 3.7.
From Section 4 on, we fix a chosen ample invertible sheaf on X 0 . Then we define (semi)-stability of coherent sheaves on X and generalize a result of Langton, namely we prove that a semistable coherent sheaf F on X always has a formal model F such that its reduction F 0 is semistable, which justifies the title of this section. Consequently, any line bundle on X has a formal model whose reduction is semistable.
In the last section we construct the auxiliary space W and prove it is quasicompact and surjects onto Pic 0 X ; this completes the proof of our main theorem.
Notations
Throughout this paper, X will be a proper admissible formal model of a smooth proper connected rigid space X = X rig over O. For simplicity we will assume X has a K-rational point x : Sp(K) → X. We use almost the same notation as in [BL93a] except that we use (·) rig to denote the generic fiber of an admissible formal scheme. We use roman letters to denote rigid objects and curly letters to denote formal objects. We also denote the level π (resp. γ), namely modulo π (resp. modulo π γ for some |π γ | = γ), of a formal objects by subscript π (resp. γ).
Specialization of K group
Suppose we have a class in K 0 (X) represented by a coherent sheaf F . Then we can find some formal model F of F , by which we mean an O-torsion free finitely presented O X -module with generic fibre isomorphic to F . After reduction we get a coherent sheaf F 0 on X 0 . Different formal models of F will differ by an O-torsion finitely presented sheaf on X . Let us prove a lemma on the O-module structure of such sheaves which we believe is interesting on its own.
Lemma 3.1. Let A be a topologically finitely presented O-algebra and let M be an O-torsion finitely presented A-module. Then as an O-module, we have the following decomposition:
for some (finite or countable) cardinals λ 1 , . . . , λ k .
Proof. Without loss of generality, we may assume A = (O/π)[x 1 , . . . , x n ]/I with I finitely generated. We will do induction on the dimension of the support of M , which we denote as d. Now without loss of generality we may assume the dimension
A which is universally closed and of finite presentation as an algebra, hence of finite presentation as a module. Now regarding M as a finitely presented B-module, we reduce to the situation where A = B. Localizing at the generic point of the special fiber p = m[x 1 , . . . , x d ], we see that M p is a finitely presented B p -module. Because B p is a valuation ring which is unramified over O, i.e., they have the same value group. We see that
. By clearing denominator, this gives rise to a morphism k i=1 B → M , and hence an injection φ : k i=1 (B/π i ) ֒→ M after multiplying some element f / ∈ p. Next, we claim that φ is universally injective as an O-module and the quotient is a finitely presented B-module whose support has dimension less than d. The claim on the dimension of the support is easy and follows from the fact that this map is an isomorphism on the generic point of the special fiber p. To see why this map is universally injective as an O-module, let us consider the following commutative diagram 
It is easy to see that k i=1 (B/π i ) has the form we want. We see that this sequence is universally exact with respect to O-module structure and Q is a finitely presented B/(f )-module for some f / ∈ m[x 1 , . . . , x d ] and therefore is of the form Q =
by the induction hypothesis. Now by [Sta17, Theorem Tag 058K], we see that the short exact sequence above splits. Therefore we see that M , as an O-module, has the form we want. Now we can state and prove the key observation of this paper.
gives rise to a well-defined map from
Proof. The first thing we have to verify is that for two different formal models of F , say F 1 and F 2 , we will have [
0 ] as classes in K 0 (X 0 ). Viewing F 1 and F 2 as two lattices inside F , then after multiplying F 1 by an element in m with sufficiently large valuation, we may assume it is a subsheaf of F 2 . In the situation above, we have a short exact sequence
. We will define canonical filtrations on both coherent sheaves and use Lemma 3.1 to see their successive quotients are naturally isomorphic. For every γ ∈ Γ, we define
and
where π γ is any element in O with valuation γ. Since Q is an O-torsion finitely presented O X -module, we see that as γ goes from 0 to some |π| the first (resp. second) filtration is an increasing (resp. decreasing) filtrations of coherent subsheaves and both filtrations are exhaustive and separated. We claim that both filtrations only change at finitely many γ i and there are natural isomorphisms between corresponding successive quotients. Because both claims are local properties, after choosing a finite covering of X by affine formal schemes we may reduce to the situation where X = Spf(A). Now we have Q = M for some O-torsion finitely presented A-module M . By Lemma 3.1 we see that as an O-module,
We may assume |π 1 | < · · · < |π k |. Now by direct computation, we see that both filtrations only change when γ = |π i | for 1 ≤ i ≤ k. On the successive quotient we may define
by f i (x) = π ix wherex is any lift of x in Im(ker(·π i : Q → Q) → Q 0 ). Again one checks directly that f i is a well-defined isomorphism and commutes with localization. This proves our claim that [Q Secondly we note that every short exact sequence of coherent sheaves on X will have a formal model, i.e., a short exact sequence of O-flat finitely presented sheaves on X . Indeed, consider 0 → F → G → H → 0 a short exact sequence of coherent sheaves on X. We choose a formal model of G, say G. Then F := F ∩ G is a saturated finitely presented (c.f. [BL93a, Proposition 1.1 and Lemma 1.2]) sheaf whose generic fiber is F . Hence H := G/F is a O-flat finitely presented sheaf on X whose generic fiber is H. Now because H is O-flat, after tensoring with k we get a short exact sequence 0 → F 0 → G 0 → H 0 → 0. So we see this definition respects the relation coming from short exact sequences. This proves our theorem. ). This will be used later, see Theorem 4.9.
From now on we will assume that X 0 is projective, with a fixed ample invertible sheaf H. Then we can define the Hilbert polynomial of a coherent sheaf on X in the following way:
Definition 3.4. For any coherent sheaf F on X, we define the Hilbert polynomial of F to be
where Sp is the specialization map of K groups from previous theorem.
Proposition 3.5. Suppose F ∈ Coh(X × S) is a flat family of coherent sheaves on X parametrized by a quasi-compact quasi-separated connected rigid space S, and suppose X 0 is projective with an ample invertible sheaf H. Then any two fibres of F will have the same Hilbert polynomial (i.e., the Hilbert polynomial is locally constant in flat families).
Proof. Let S be a formal model of S. Then X × S is a formal model of X × S, and F extends to a coherent sheaf F on X × S. Applying [BL93b, Theorem 4.1], we see that after a possible admissible formal blowing-up of S we may assume that F is flat over S. Hence F 0 will be flat over S 0 . Then it follows from cohomology and base change (c.f. [Mum08, Corollary 1 in Section 5]) that the reduction of two special fibers of F have the same Hilbert polynomial.
Remark 3.6. We see that the Hilbert polynomial is locally constant in a flat family, so the proposition above would still hold even if we do not assume quasicompactness or quasi-separatedness of S.
The above discussion already yields the following interesting consequence for the geometry of non-archimedean Hopf surfaces, which were defined and studied by Voskuil in [Vos91] .
Proposition 3.7. Non-archimedean Hopf surfaces over a non-archimedean field have no projective reduction.
Proof. In the paper mentioned above, Voskuil proved that there is a flat family of line bundles on a Hopf surface parametrized by G m with identity in G m corresponds to O X . Moreover, he proved that there are infinitely many nontrivial (i.e., not isomorphic to O X ) line bundles in that family which possess sections. Now suppose that a Hopf surface X has a projective reduction. Then we can define Hilbert polynomials as above. Because G m is connected, the line bundles it parametrizes will have the same Hilbert polynomial by Proposition 3.5. Let L be a nontrivial line bundle possessing a nontrivial section, so that we get an injection 0 → O X → L → Q → 0. We observe immediately that the cokernel Q has zero Hilbert polynomial, which means Q is a zero sheaf. This is a contradiction as L is assumed to be a nontrivial line bundle.
Semistable Reduction of Coherent Sheaves
In this section we prove a semistable reduction type theorem for semistable coherent sheaves, following a similar method as in [Lan75] . Following [HL10] , we make the definitions below. From now on we will assume all the formal schemes appearing below have projective special fibers.
Definition 4.1. Let F be an O-flat finitely presented sheaf on X .
(1) The Hilbert polynomial of F is the Hilbert polynomial of F 0 .
(2) The dimension of F is the dimension of its support, denoted as dim F .
(3) The rank of F is the leading coefficient of its Hilbert polynomial divided by that of O X , denoted as rk(F ). (4) F is said to be pure if any coherent subsheaf of F with a flat quotient has dimension n = dim(F ). (5) The dimension of a coherent sheaf F on X is the dimension of its support.
It is called pure if any nonzero coherent subsheaf has the same dimension.
The following lemma describes the relation between pureness of a coherent sheaf and pureness of its formal model. Lemma 4.2. Let F be a coherent sheaf on X. The following are equivalent:
(1) F is pure; (2) There is a formal model of F which is pure; (3) Any formal model of F is pure.
Proof. This lemma follows immediately from the fact that the category of coherent subsheaves in F with morphisms being inclusions and the category of finitely presented subsheaves in F with O-flat quotient and morphisms being inclusions are equivalent. With one direction functor being intersecting with F and the functor of taking generic fiber in the reverse direction.
Definition 4.3. Let F be an O-flat finitely presented sheaf on X .
(1) F is said to be semistable if it is pure and for any finitely presented subsheaf G ⊂ F we have p(G) ≤ p(F ), where p(F ) is the reduced Hilbert polynomial, i.e. Hilbert polynomial divided by its leading coefficient, of a finitely presented sheaf F . We denote the (k + 1)-th coefficient of reduced Hilbert polynomial of F by a k (F ). (2) Let f = x n + b 1 x n−1 + · · · + b n be the reduced Hilbert polynomial of the maximal destabilizing sheaf of F 0 . We define the maximal destabilizing sheaf of codimension k of F 0 as the maximal subsheaf B ⊂ F 0 such that a i (B) = b i for all 1 ≤ i ≤ k. The existence of the maximal destabilizing sheaf of codimension k is guaranteed by Harder-Narasimhan theory. (3) F is semistable of codimension k if for any coherent subsheaf G ⊂ F with O-flat quotient, we have
The semistable codimension of F is the biggest k for which F is semistable of codimension k.
(5) We make similar definitions for a coherent sheaf F on X.
Remark 4.4. One word on the existence of Harder-Narasimhan filtration in the rigid setup is necessary. One can check the proof of existence and uniqueness of Harder-Narasimhan filtrations in the algebraic setup (c.f. [HL10, Theorem 1.3.4]) to see that we only need Noetherianness of coherent sheaves and additivity of Hilbert polynomial (with respect to short exact sequences) to do that. In the rigid setup both properties still hold.
Lemma 4.5. Let F be a coherent sheaf on X. The following are equivalent:
(1) F is semistable of codimension k; (2) There is a formal model of F which is semistable of codimension k; (3) Any formal model of F is semistable of codimension k.
Proof. The proof is the same as that of the previous lemma. (1) If Hom(B 0 , G 0 ) = {0}, there exists a biggest (in the sense of having maximal valuation) π ∈ m such that the sequence is liftable modulo π. Here π could be 0, by which we mean the sequence can be lifted all the way to O. (2) In the following, assume the π above is not 0. Let F (1) be the kernel of the composition F → F ⊗ O/(π) → G. Then F
(1) is finitely presented, and we have a short exact sequence 0 → G → F
(
(3) Moreover the reduction of our short exact sequence above 0 → G 0 → F
0 → B 0 → 0 does not split.
Proof. Proof of (1). Consider the formal Quot scheme Q = Quot F /X /O . Our condition says the point P ∈ Q 0 (k) corresponding to G 0 is an isolated point. So the component corresponding to P is of the form Q p = Spec(O/(π)) which means exactly that our sequence is liftable modulo π but not modulo an element with bigger valuation.
Proof of (2). We consider πF (1) ⊂ πF ⊂ F (1) , whose corresponding quotients give us a short exact sequence
which is what we want, and it is immediate that F /F (1) is π-torsion. Proof of (3). Suppose on the contrary that the sequence 0 → G 0 → F 
We claim that the exact sequence
is flat over O/ππ ′ , which would contradict the maximality of (the valuation of) π. Indeed, by consideringB ⊂ F
To proveG is flat over O/ππ
′ it suffices to show that the mapG → G is the same as tensoring O/π, which in turn is equivalent to sayingB + πF /ππ ′ F = F (1) /ππ ′ F , and this equality follows from the fact that the composite πF ֒→
The key result of this section is the following theorem which generalizes Langton's result in [Lan75] .
Theorem 4.8. Let X be a rigid space with a formal model X . Assume X 0 is projective with a fixed ample invertible sheaf H.
(1) Let F be a pure coherent sheaf on X. Then there exists a formal model F on X with reduction F 0 pure on X 0 . Conversely, if F admits a formal model F with pure reduction, then F itself is pure. (2) Let F be a semistable coherent sheaf on X. Then there exists a formal model F on X with reduction F 0 semistable on X 0 . Conversely, if F admits a formal model F with semistable reduction, then F itself is semistable.
Proof. Proof of (1). We choose an arbitrary formal model F on X ; by Lemma 4.2 we know F is pure. Now we want to find a finitely presented subsheaf F ′ ⊂ F with torsion quotient and special fiber F ′ 0 pure on X 0 . Let B 0 ⊂ F 0 be the maximal coherent subsheaf whose support is not of dimension dim(F ) (from now on we will call it the maximal torsion subsheaf of F 0 ) and denote the quotient by G 0 . It is easy to see that Hom(B 0 , G 0 ) = 0, so applying Lemma 4.7 to the short exact sequence 0 → B 0 → F 0 → G 0 → 0 gives a finitely presented subsheaf F
(1) ⊂ F and a short exact sequence 0 → G 0 → F
(1) 0 → B 0 → 0. After repeatedly applying the above procedure, we will obtain a sequence of finitely presented sheaves
Note that all of the F (3), all the inclusions above are not isomorphisms. We notice that P H (G
) and the dimension of B . The converse part is easy. Suppose G ⊂ F is a coherent subsheaf with support of lower dimension than dim(F ). Then G := G ∩ F gives a contradiction to the assumption that F 0 is pure.
Proof of (2). By the first part of our theorem and Lemma 4.5, we can choose a formal model F such that it is semistable and its special fiber F 0 is pure on X 0 . Now we want to find a finitely presented subsheaf F ′ ⊂ F with torsion quotient and special fiber F ′ 0 semistable on X 0 . Starting from F = F (0) , we will do induction on the semistable codimension of F 0 which we denoted as k(F 0 ).
We denote the maximal destabilizing sheaf of codimension k(F 0 ) + 1 in F 0 by B 0 , and the quotient by G 0 . It is easy to see that Hom(B 0 , G 0 ) = 0. Then applying Lemma 4.7 to the short exact sequence 0 → B 0 → F 0 → G 0 → 0, we get a finitely presented subsheaf F
(1) 0 → B 0 → 0. It is easy to see that k(F (1) 0 ) ≥ k(F 0 ). After repeatedly applying the above procedure we will obtain a sequence of finitely presented sheaves
Moreover, we will get short exact sequences
0 → 0. We claim that after repeating the above procedure finitely many times B 
0 ←֓ · · · . By Lemma 4.7 (3), none of the inclusions above are isomorphisms. We note that
) and by our assumption the B 
Because both F Theorem 4.10. Let X → Spec(R) be a flat projective finitely presented scheme over a valuation ring R. Let F K be a semistable sheaf on X K . Then there exists a coherent sheaf F on X with generic fiber F K and special fiber F 0 semistable on X 0 . Moreover any two such coherent sheaves have S-equivalent special fibers.
Proof. The proof is almost the same, the only subtlety being that a finitely presented algebra over a valuation ring is always coherent (c.f. [Gla89, Theorem 7.3.3]).
Remark 4.11. One can use the above method to prove other semistable reduction type theorems. For example, semistable reduction for multi-filtered vector spaces or quiver representations. The former case has been worked out by the author in [Li17] . There is a slight subtlety as the category of multi-filtered vector spaces is not abelian.
Remark 4.12. Every line bundle is automatically stable, so by Theorem 4.8 one can always find a formal model of a given line bundle with a semistable reduction. This will be used in the last section to prove the main theorem.
Proof of the Main Theorem
5.1. The Auxiliary Space W . Assume X 0 is a projective variety over k and fix an ample invertible sheaf H. Let P be the Hilbert polynomial of O X0 . Then for every γ ∈ Γ we denote the moduli stack of finitely presented sheaves with semistable geometric fiber of Hilbert polynomial P on X γ /O γ by M γ . The existence of such a stack will be justified in the following, as we do not assume X γ / Spec(O γ ) to be projective. Nevertheless we know that M 0 , the algebraic stack of semistable coherent sheaves of Hilbert polynomial P , is an open substack of |Coh X0/ Spec(k) | = |Coh Xγ / Spec(Oγ ) |. Therefore we can define M γ to be the corresponding open substack in Coh Xγ / Spec(Oγ ) .
By the description of the functors we know that M γ × Oγ O γ ′ = M γ ′ for any γ ′ ≤ γ, so the M γ 's form a projective system of algebraic stacks. Langer has shown that M 0 is a quasi-compact algebraic stack (c.f. [Lan04, Theorem 4.4]). In particular, for a chosen pseudo-uniformizer π ∈ m we can find a smooth surjection W π → M π where W π = Spec(A 1 ) is an affine scheme of finite presentation over O π . The following is a result of Emerton which is the key of this subsection.
′ be a first order thickening of algebraic stacks. Let W be an affine scheme and let W → X be a smooth morphism. Then there exists a cartesian diagram
Applying this result yields the following commutative diagrams
where
) is the thickening defined by π i . Now A ′ = lim ← − A i is a topologically finitely generated O-algebra, and A = A ′ /(π-torsions) is a topologically finitely presented O-algebra by [BL93a, Proposition 1.1 (c)]; denote its formal spectrum Spf(A) = W and let W = W rig be its associated rigid analytic space which is an affinoid space. This is the auxiliary space we want. By the description of functors, we have a system of W i -flat coherent sheaves
and taking generic fiber gives us a W -flat coherent sheaf
/(π-torsions) and R = R rig . Note that we will get an equivalence relation R ⇒ W .
Question 5.2. Can one make sense of "W/R" and prove it is the rigid stack of semistable coherent sheaves on X of Hilbert polynomial P ? 5.2. Determinant Construction. In this subsection, we will explain the determinant construction which associates a flat family of coherent sheaves on a smooth proper rigid variety to a flat family of line bundles. This is well known to the experts and is written down in [KM76] . For reader's convenience we will briefly introduce the construction in the following.
The following lemma is a disguise of [Sta17, Tag 068x], and is the starting point of our determinant construction.
Lemma 5.3. Let X → S be a smooth map of rigid spaces of relative dimension d, and let F be an S-flat coherent sheaf on X. Then F is perfect as a complex of coherent sheaves on X, i.e., we can find an admissible covering of X such that on each admissible open F can be resolved by locally free coherent sheaves. In fact the length of each resolution is at most d.
Proof. We may reduce to the situation where X = Sp(B) → S = Sp(A) is smooth in rigid sense and F is given by a finitely generated B-module M . Now we meet every condition in [Sta17, Tag 068x] except for (2), but we have a replacement: for every maximal ideal n ⊂ A the ring B ⊗ A κ(n) has finite global dimension ≤ d. Because it suffices to check the local tor dimension of M is ≤ n at maximal ideals m ⊂ B and every maximal ideal in Spec(B) is mapped to a maximal ideal in Spec(A), our replacement condition will make the original argument in the stacks project work.
Let X → S be a smooth proper map of rigid spaces of relative dimension d where S is an affinoid and F an S-flat coherent sheaf on X. Then we can find an admissible covering U = {U i = Sp(A i )} of X such that on each U i we can find a projective resolution of F of length at most d:
, where by det(K) of a locally free sheaf K we mean its top rank self wedge product. Now on the overlap U ij = U i ∩U j , we get two resolutions of F | Uij . So we get a quasi-isomorphism
Moreover φ ij only depends on the homotopy class of Φ ij (c.f [KM76, Theorem 1 and Proposition 2]). On triple intersection U i ∩ U j ∩ U k the composition of chosen maps between resolutions Φ ki • Φ jk • Φ ij is homotopic to the identity, hence the cocycle condition is satisfied automatically. Therefore the φ ij 's give rise to gluing datum of det(F )| Ui . We just need the following two easy properties of this determinant construction.
Proposition 5.4.
(1) Let L be a line bundle on X. Then we have a canonical isomorphism
(2) Let f : T → S be an arbitrary morphism of rigid spaces. Then we have a canonical isomorphism
5.3. The proof of the Main Theorem. Let K ′ be a finite extension of K. Denote by {} ′ the base change of corresponding objects from After the above discussion, let us show that Pic X is automatically partially proper by a result of Kedlaya and Liu.
Theorem 5.5. Pic X is partially proper as a rigid space.
Proof. Let R be a rank 1 valuation ring over O and let R + be a valuation subring of R. By [KL16, Theorem 2.3.3] we see that the restriction functor from the category of coherent sheaves on X adic × Spa(K,O) Spa(Frac(R), R + ) to the category of coherent sheaves on X adic × Spa(K,O) Spa(Frac(R), R) is an equivalence and preserves finite locally free coherent sheaves. Let L R on X adic × Spa(K,O) Spa(Frac(R), R) be a rigidified line bundle. By the equivalence of categories we see that L R extends uniquely as a rigidified line bundle L R + on X adic × Spa(K,O) Spa(Frac(R), R + ). The argument above shows that the Picard functor satisfies the valuative criterion, namely any map f : Spa(Frac(R), R) → Pic X always extends to a map f : Spa(Frac(R), R + ) → Pic X .
Therefore we see that Pic X is always partially proper as a rigid space by the discussion preceding this theorem.
Proof of the Main Theorem 1.1. It suffices to prove that Pic 0 X is quasi-compact by Theorem 5.5. Consider F univ on X × W which is a W -flat coherent sheaf. The determinant construction gives us a W -flat line bundle on X × W , hence a map det : W → Pic X . Now we consider this map restricted to the inverse image of Pic 
